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Cosmological Transition Periods

Ronald Gautreau®
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A method is given for continuously following a model of a universe that in its
evolution makes a transition from one type of universe to another. As an
illustration, a universe is considered that initially is radiation-dominated and
then makes a transition to a final matter-dominated Einstein-de Sitter universe.
The epoch when the universe changes from being radiation-dominated to being
matter-dominated is found and is related to the epoch when radiation decouples
from matter.

In describing how the universe evolves after an assumed Big Bang, the
evolution is usually broken into different intervals, such as a “radiation-
dominated” interval or a ““matter-dominated” interval. These different inter-
vals are then analyzed separately, without much discussion of the metric
and particle motions in the transition period connecting one interval to
another. In this paper we develop a method which, besides providing a
convenient and simple way for treating the different intervals individually,
gives a formalism for dealing with the continuous transition from a radiation-
dominated to a matter-dominated universe. In particular, we are able to
determine the epoch corresponding to the change in the universe from being
radiation-dominated to being matter-dominated, and to relate this to the
epoch where radiation decouples from matter.

We will consider only zero-curvature universes. The metric for such
universes is usually written in the Robertson-Walker isotropic form as

ds*(r, )= " (dr*+ r* dQ*) — dr*
dQ’ = de*+sin® 0 d¢? (1)

In this paper, however, we will make use of the results of a different
formulation of cosmological theory that we have recently developed
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(Gautreau, 1984a), where the metric for the universe has the form
ds*(R, 7) =[dR — m(R/B) drF*+ R* dQ*— d+* (2)
with
B(r)=(8mp/3+A/3)7"? (3)

where p is the density of the cosmological geodesic fluid that is the source
of the particular universe under consideration, m =+1 (—1) for an expand-
ing (collapsing) fluid, and A is the cosmological constant. The transforma-
tion that takes one from the (R, 7) coordinates of (2) to the (7, 7) coordinates
of (1) is

R = re"” (4)

To be consistent with a Big Bang picture, from now on we will consider
only expanding universes (m =+1). Extension to a collapsing universe
(m=-1) is straightforward. The equation for the trajectory R,(7) of a
radially moving geodesic particle of the expanding cosmological fluid is
obtained by setting ds*(R, 7) = —dr” in (2) to obtain

dR,/dr=R,/B (5)

In (2), both coordinates R and = have very natural physical interpreta-
tions. The time coordinate 7 is measured by clocks fixed in the cosmological
geodesic fluid. On a subspace 7= const, the metric (2) becomes

ds*(R, 7 =const) = dR*+ R* dQ° (6)

which is seen to be flat. Thus, in addition to being the spatial coordinate
that explicitly exhibits the flatness of 7 = const subspaces, R has the physical
significance that it is equal to the proper distance between 7-simultaneous
events in the universe under consideration. We have previously pointed out
this significance of R for a Schwarzschild field (Gautreau and Hoffmann,
1978; see also Ftaclas and Cohen, 1980). Our formalism also allows the
treatment of cosmological problems not addressable with (1), such as the
inhomogeneous problem of describing a Schwarzschild mass imbedded in
a given universe, in which the metric approaches a Schwarzschild field close
to the imbedded mass and goes over to the given universe far from the
Schwarzschild mass (Gautreau, 1984b; see also Van den Bergh and Wils,
1984). In addition, we have used our formalism to incorporate Dirac’s Large
Numbers hypothesis into Einstein’s standard theory of general relativity
(Gautreau, 1985).

From the Einstein field equations with the metric (2), the pressure p
in the cosmological fiuid is related to the fluid density p by (Gautreau, 1984a)

p+p+Q4mp+3A) " *dp/dr=p+p+iBdp/dr=0 (7)
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Combining (5) with (7), we obtain

d, .. d

- +p— (R} =

(PR +p—(R})=0 ®)

Equations (7) and (8), coupled with a relationship between p and p, are
the fundamental equations for the quantities p, p, and R, in the (R, 7)
formalism of (2).

Equation (8) is a statement of conservation of energy. As a galaxy
evolves along the trajectory R,(7), the first law of thermodynamics requires
that the change in energy dE of the expanding system between 0= R=<R,,
whose volume is V =3%7R?, must be equal to the work done by the pressure
in the system:

dE =—pdV =—3pm d(R}) ©)
The energy in the system is related to the mass M in the system by
E =Mc’=pVe*=pinRic (10)

Combining (9) with (10), we get (8) with ¢ = 1. From now on, we will take
A=0.

Let us illustrate how some familiar universes fit into this formalism.
In a radiation-dominated universe, the radiation density p, is much greater
than the matter density p,, . » p.,, so that p = p, + p,, = p,, and the pressure
p = p,/3. For this case, the above expressions yield

B=27 (11)
p,=3/(32m1%) (12)
ds*(R, 7)=[dR —(R/27) dr*+ R* dQ* - dr* (13)

and, from (5), the equation for the variation of proper distance R, with
time 7 of a geodesic particle of the cosmological fluid is

R, =br'? (14)

where b is a constant related to the energy of the particle at the Big Bang
at 7= 0. Note that p,R} = const.

In a matter-dominated universe with zero pressure, i.e., an Einstein-de
Sitter (ES) universe, where p = p,, » p,, we obtain

B=3r (15)
p=1/(677") (16)
ds*(R, 7)=[dR - (2R/37) dr P+ R*d O’ —dr* (17)

and, from (5), the e‘quation of a particle of the cosmological fluid is
R, =br"? (18)
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with the constant b related to the energy that the particle has at the Big
Bang at 7 = 0. Note that pR}, = const, which is a statement that the gravitating
mass inside an expanding sphere of radius R, that attracts a galaxy on the
surface of the sphere stays constant as the galaxy expands after the Big
Bang. We have discussed the ES universe extensively elsewhere (Gautreau,
1984a, 1985).

We now consider the combined problem of a universe whose density
consists of both matter and radiation, so that

P=pmtp, (19)

We will assume that the pressure is produced by the radiation, with negligible
contribution from the matter, so that

p=p/3 (20)
Substituting (19) and (20) into (8), we obtain

d d

If we assume that there is no conversion of matter into radiation and vice
versa, the amount of matter inside the volume bounded by an expanding
galaxy will be constant, meZ = const, so that separately

v

d—dT( pmR3) =0 (22a)
4 (pRY=0 (22b)
dr
From (22a) and (22b) we find
F=p,/p, R, (23)
We then obtain from (7) )
dF/dr=%a(1+ F)"?/F, a = const (24)

When (24) is integrated from =0 and the initial condition is imposed that
F=p,/p,=0 at =0 to be consistent with radiation domination in the
early universe, one obtains a cubic equation for F(7):

F?-3F%—4ar(ar—2)=0 (25)

If ar>2, (25) has one real root for F, while if ar <2, there are three real
roots. Choosing the root where 0= ar =2 that corresponds to F(7)=0 at
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=0 and F(7)=3 at ar =2, we obtain
F=p,/p,=1+2cos(26/3+4x/3)
cos 0=1—ar, Osar=2 (26a)
F=p,/p,=1+{ar—1+[(ar—1)*-1]V?}"
+{ar—1-[(ar -1 -17?P7,  ar=2 (26b)
Combining (22a) and (22b) with (7), we obtain

B=F/(dF/dr) 27
so that B(r) is determined from (26). From (3) (with A =0) we then obtain
_ 3(dF/dr)?
Pr 8 m(1+ F)F? (28)
3(dF/dr)?
mE T T T 9
8m(1+F)F (29)

Thus, (26)-(29) completely specify the metric (2) and the densities p,, and
p. as a function of cosmological time 7, up to an as-yet-undetermined
constant a.

In the limit ar— 0, corresponding to a radiation-dominated universe,
we have

F=(8ar/3)"? (30a)

B=27 (30b)

pm = (6a)?/(1677>'%) (30¢)

p,=3/(3277%) (30d)

In the limit a7 - 00, where there is a matter-dominated universe,

F=2ar)*? (31a)

B=3r (31b)

pm =1/(6777) (31¢)

pr=1/[6m(2a)* 7] ~ (31d)

Thus, as expected, we obtain radiation-dominated or matter-dominated
universes in the appropriate limits.

We can express the constant a in terms of the present age of the universe
7, and the presently measured temperature T, of the background microwave
radiation. From the Planck law, the radiation density of the blackbody
radiation in units of mass/volume is

0. =87 (kT)*/15h% > (32)
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Substituting this into (31d), and inserting Newton’s gravitational constant
G into the expressions, we obtain

h9/2015/2

O G/ 19)6mGT (KT )or"

(33)

Using the values 7, =2.7 K and 7, = 10" years = 3.14 x 10"" sec, we get
a=389x10""sec ' =1.22x10"* year™ (34)

If we define the transition time 7. for the universe to change from being
radiation-dominated to being matter-dominated as the time when the radi-
ation density equals the matter density, i.e., when F =1, we find from (26a)
that

ar,=1-cos(mw/4) (35)
Using the value of a in (34), we get
7. =7.51x10" sec = 2390 years (36)
corresponding to a density from (28) or (29) of
Pme = Pre =4.81x10"* kg/m’ 37)
and a radiation temperature from (32) of
T,=4.89%x10°K (38)

It is interesting to compare this value of 7, with the approximate value
7, that would be obtained by assuming that the expressions (31) for ar—> o
for a matter-dominated universe held exactly from the present epoch r =7,
back to 7= r,. For this situation we find from (31¢) and (31d) that

Pt e = (Pran/ o) (7] 7 ) (39)

where p,,, and p,, are, respectively, the matter and radiation densities at
the present epoch == 7,. Setting p,, = p,, we obtain 7. as

7e= (P Pon) 7 (40)
With T, =2.7 K in (32)
P =4.46x107 kg/m’® (41)
Using 7, = 10" years in (31c), we get
P = 8.06X 1077 kg/m? (42)
giving
7., = 4120 years (43)
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This is larger than the value 7. = 2390 years in (36), showing that the effects
of increasing radiation density become important as 7 decreases from 7,
to 7.

In the standard Big Bang picture, it is assumed that matter and radiation
are locked together in thermal equilibrium at the same temperature until
the universe cools to around T, =3000 K, at which time ionized hydrogen
recombines with free electrons to form hydrogen atoms. When this occurs,
the free electrons are no longer available to interact with and scatter the
radiation, thermal equilibrium cannot be maintained, and the universe
becomes nearly transparent to radiation. The time corresponding to T, =
3000 K is referred to as the epoch of decoupling of radiation and matter.
Before or after decoupling, though, the radiation is blackbody with energy
density related to temperature by (32). Substituting T, = 3000 K into (32),
we obtain

pra =6.80x107" kg/m’ (44)

The corresponding epoch 7, can be found from (28). However, the tem-
perature T, =4.89x 10° K in (38) at the transition epoch 7. = 2390 years in
(36) shows that decoupling will occur well into the matter-dominated
universe. In this case, we can use (31d) to find 7, as

74 = 270,000 years (45)

The evolution with cosmological time 7 of various quantities is summar-
ized in Table I

It has been proposed by some researchers in the context of “inflation-

ary” universes that in the very early universe the predominant form should

be a de Sitter universe.” A de Sitter universe corresponds to p = p,= const
in (3) and (7), with or without a cosmological constant A. In a de Sitter

Table I. The Evolution with Cosmological Time r of Various Quantities Discussed in this

Paper.”

ar 7 (years) F(1)=p./p, p, (kg/m?) T, (K)

0 0 0 oo ©
0.293 2,390 1 481x1071 48,900
1 8,200 2 3.01x10715 24,470
2 16,340 3 5.94x1071¢ 16,310
33 270,000 163 6.80x107"° 3,000
1.22x10° 10 1.81%10* 4.46x 1073 2.7

“The numerical values have been obtained using a =3.89x 10 " sec™' =1.22x 10™* year™!,
given in (34).

2See Guth (1984) for a review of inflationary scenarios.
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universe one can have p,=0 and A#0, or p=—p, with A=0, or some
combination of the two. In any case, the equations governing a de Sitter
interval with transitions to other types of universes can be worked out in
our formalism.

It should be noted, though, that the de Sitter universe is intrinsically
static, which perhaps is not what one might expect in a violently expanding
very early universe. The static nature of the de Sitter universe is not apparent
with the (r, 7) and (R, 7) coordinates used in (1) and (2). To exhibit the
static form explicitly, it is necessary to change the time coordinate from the
geodesic time 7 to a curvature time T such that the metric becomes diagonal
in (R, T) coordinates. Further, it is questionable whether the metric forms
(1) or (2) can be achieved by physically sensible geodesic clock reference
systems in a de Sitter universe (Gautreau, 1983). We have discussed this in
detail elsewhere (Gautreau, 1983), and so will not develop this further here.
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